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CHARACTERISTICS OF FINITE-Q TRANSMISSION LINES 
CHAPTER I 
INTRODUCTION 
The infinite-Q transmission line, or lossless line, has been 
treated extensively in the literature.' ,-' ' ' The finite-Q trans-
mission line, or the line which has losses, has been analyzed on the 
A 7 A o 
basis of a fixed frequency and a variable length of line* ' This 
thesis presents an analysis of the finite-Q line on the basis of a 
fixed length of line and a variable frequency. Only the cases of a short-
circuited and an open-circuited termination are considered.( This work 
1 T / 
Ware, L.A. and H.R. Reed, Communications Circuits (Mew York: 
John Wiley & Sons, Inc., 191*9), pp. 108-115 and pp. 205-21*2. 
2Johnson, W.C., Transmission Lines and Networks (New York: 
McGraw-Hill Book Company, Inc., 1950), pp. 137-150 and pp. 152-167. 
-%einbach, M.P., Principles of Transmission in Telephony (The 
Macmillan Company, 192k), pp. 235-21*6^" 
Karakash, J.J., Transmission Lines and Filter Networks (The 
Macmillan Company, 1950), pp. 37-1UU* 
5 
Sarbacher, R . I . and W. A. Edson, Hyper and Ultrahigh Frequency 
Engineering, (New York, John Wiley & Sons, I nc . , 19U8), pp» 33U—3̂ 41-
Hflfeiribach, M.P., op. c i t . , pp. kl-k9* 
7 
Ware, op. e i t . , pp. 91-108. 
o 
Johnson, op. cit., pp. 132-137* 
^Karakash, op. cit., p. 106. 
2 
is primarily of importance to the field of communications, 
Chapter II analyzes the variation of the magnitude of the input 
impedance of a short-circuited and an open-circuited transmission line. 
Particular attention is paid to the frequencies at which the maxima 
and minima of the input impedance occur. Chapter III and Chapter TV 
analyze the phase angle of the input impedance of the short-circuited 
and the open-circuited transmission line. Chapter III treats the low-
loss line, and Chapter 17 deals with the high-loss line. A useful dis-
tinction between low-loss lines and high-loss lines is developed in 
Chapter IV, where it is shown that a transition point based on the 
following condition is expedient for this analysis; 
(sinh 2a) (tan I G I ) ̂  1 
If a line has parameters such that this equation is satisfied at 
all frequencies, it is classified as a low-loss line; conversely, if a 
line has parameters such that this equation is not satisfied at all 
frequencies, it is classified as a high-loss line. 
The distortionless line has characteristics that are quite differ-
ent from those of the general finite-Q transmission line; in fact, in 
many respects it behaves like an infinite-Q line. For this reason, the 
distortionless line is analyzed in Chapter V. 
3 
CHAPTER II 
VARIATION CF THE MAGNITUDES 0? Zss AND Z g 0 WITH FREQUENCY 
This chapter deals with the variation of the magnitude of the 
input impedance of a transmission line with frequency when the receiving 
end is (l) short circuited and (2) open circuited. In both cases it is 
well known that the input impedance passes through maximum and minimum 
values as the frequency is varied. In this chapter it is shown that, 
for infinite-Q lines, the frequencies which produce maxima (minima) of 
input impedance are integral multiples of the lowest frequency producing 
a maximum (minimum). However, for finite-Q lines, the frequencies which 
produce maxima (minima) of input impedance are not integral multiples of 
the lowest frequency which produces a maximum (minimum). 
The Short-Circuited Line 
The equation for the input impedance of a line with a short 
circuit located a distance S from the sending end is 
Z = Z tanh (« + j*)S (1-1) 
ss o 
or 
j „/ sm b cosh » 
7 > / 5 / * * * a + Sin^b /*** cos b Sinh * 
Z"~~ ' J W » + c^» /,»,-' % j £jl~ (1"2) 
1 "Johnson, op. c i t . , p . 13>7» 
flare, op. c i t . , p . 97 
h 
where Z is the characteristic impedance of the line* s. = <*S, and o 
b =03. 
Inspection of, or differentiation of equation (1-2) shows that 
the maxima of Z . (Z ) , occur for 
ss> ss'max 
b » (2n-l) J^ , (1-3) 
where n = 1,2,3* ••• • Also, the minima of Zo , (Z^) . , occur for 
b = nrr . (1-1+) 
In order to obtain equations for the frequencies at which maximum 
Z„c and minimum Z„„ occur, b must be written as a function of frequency. 
oo SS 
This is accomplished by analysis of the propagation constant of a line 
which is given by the following equation: 
y - <*+\&=\l{R+iwt.) (G + i&C) (I-*) 
/i 12 
Solving equation (1-5) for p yields 
$ = l / ^ / ^ f A ^ W * + ">*£*/- (*& - *>*IC)1 (i^) 
Substituting equation (1-6) into equation (1-3) and solving the 
resulting equation for the frequency yield the following equation for 
the frequencies which produce maximum Ẑ e, 
i p 
Sarbacher, op. c i t . , p# 325>. 
( f ) = 2n-l V / (2n- l )
2 f [^RG/rr 2 _ ( 1 _ ? ) 
Un ;max [,s TLC U (2n-l)2 4 S2(RC+LG)2/TT2LC 
Then subs t i tu t ion of equation (1-6) into equation (1-1;) y ie lds for the 
freauencies which produce minimum Z„„ 
(t) " \ / "
2 * S 2 R G / T T 2 fi-8^ 
n-nun " 3 3 ^ W n2 + a 2 ( R C + L Q ) 2 A 2 Lc 
Equations (1-7) and (1-8) will now be examined for both infinite-Q 
and finite-Q lines. 
The Infinite-Q Line* Since R and G are zero for lossless lines, 
equations (1-7) and (1-8) immediately reduce to 




n m n 2S>JI^ 
(f-i ) m n v and (f,) . are the lowest frequencies which produce (Z^.) 
I'max N i mm ~ ss' 
and (Z ) . . Equations (1-9) show that (f ) v and (f ) . are ss'rnm ^ x x n max n m m 
integral multiples of (^i)max
 an^ (f-.) . 3 respectively* 
When the conditions that R and G (and hence ci ) are zero are 
substituted into equation (1-2), this equation reduces to 
Z s g = jZQ tan b . (1-10) 
Equation (1-10) shows that the magnitudes of the maxima of Z are all 
55 
infinite and that the magnitudes of the minima of Z g s are all zero. 
6 
The Finite-Q Line. The radicals in equations (1-7) and (1-8) 
2 
are of the form •x. * c , where x • (2n-l) in equation (1-7) and 
_ 2 . 
x2 + d 
x = n in equation (1-8). In general, for each value of x, the radical 
will have a different value. As a consequence, ( f „ L v and (f ) . are 
u. nidjc n niiri 
not integral multiples of (f_) and (f_) . , respectively, for lines & - 1 max 1 mm J 
with finite losses. 
Equations (1-7) and (1-8) reduce to a simple form at high fre-
quencies. As n is increased by increasing the frequency, the first 
term in the numerator and in the denominator of the radicals becomes 
larger, until at high frequencies 
(2n-l)2 ?> i|S2RG/n2 
(2n-l)2^> S2(RC+LG)2/fr2LC 
(1-11) 
in equation (1-7). Similarly, 
n2 >?> S2RG/rr2 
n 2 > > S2(RC+LG)2An2LC 
(1-12) 
in equation (1-8). In both equations the radical then reduces to unity. 
This means that, if equations (1-11) and (1-12) hold true, the frequen-
cies at which (Z J occur are, for practical purposes, equally 
So IGcUt ~ 
spaced. Also, the frequencies at which (ZggXjvjn occur are, similarly, 
equally spaced. 
Examination of equations (l-ll) and (1-12) reveals that a longer 
line, or a line with higher losses, requires a correspondingly higher 
frequencj' for equally-spaced frequencies of maximum and minimum Z . 
ss 
For the lossless line, it was found that the magnitudes of the 
various maxima of Z__ are equal and the the magnitudes of the various 
minima of Z are equal. However, these statements are not true of the 
finite-Q line, as is evident from an examination of equation (1-2). 
For the lossless line, of is zero, and Z is a constant resistance at all 
frequencies. For a line with losses, however, both of and Z vary with 
p 
frequency. At the frequencies at which ZQQ is a maximum, sin b » 1 
and cos2 b • 0; so that the magnitude of (Z___)_a__ becomes 
o o l l HldX 
' W n a x = IZ 0 l n e° tanh« n S , (1-13) 
where |Z___1 ___, |Z I , and o( are the magnitudes of Z , Z and of a t 
ooii max. o n n ss o 
the frequencies corresponding to n in equation (l-7)« 
The derivative of 1Z I with respect to u* is negative if RC> LG, 
which is the case for all lines of interest, with the exception of the 
distortionless line, for which RC = LG. The attenuation per mile is 
larger for higher frequencies, and thus cotanhfl̂ S decreases with in-
creasing frequency. Both factors in equation (1-13), therefore, tend 
to reduce the magnitude of (Z s s) m a x at successively higher frequencies. 
It is to be noted that longer lengths (s) of the line produce a smaller 
magnitude of (Zcor)Q„ for corresponding values of n. Sou max 
o 
At frequencies at which Zss is a minimum, sin b = 0 and 
cos2 b = 1; so that the magnitude of (Z ) . becomes 
b u l l ITU XI 
I W m i n - J ^ n t a n h « n
S > ^ ' ^ 
where \ZSSTi\ji±n' ' ZQI n> and o( R are the magnitudes of ( Z s s ) m i n , ZQ, and 
of a t the frequencies corresponding to the various values of n in 
equation (1-8) . 
8 
Since | ZQ| decreases with increasing frequency while tanhc^S 
increases with increasing frequency, it is difficult to determine how 
^ssrJniin v a r i e s with frequency. Figure 1, which is a plot of the 
variation of JZ I with frequency for an artificial line, indicates that 
these two opposite variations with frequency effectively nullify each 
other for this particular line, because there is very little variation 
in magnitude of the various minima of Z • Figure 1 shows, however, 
that longer lengths (S) of the line produce larger values of IZssnlm^n. 
This fact is also evident from equation (l-ll{) since the length (s) of 
the line affects only the factor tanhef S. 
The Open-Circuited Line 
Since the process for deriving equations for the variation of 
Zso with frequency is the same as that discussed for the short-circuited 
line, the pertinent equations can be developed rapidly with a minimum of 
discussion. 
The equation for the input impedance of a line with an open cir-
13 
cuit at a distance S from the sending end is 
Zso = Z0 cotanh («f+jf)S (1-15) 
%are, op. cit., p. 96 
„ . 
'-•: 
TT1]- ; | ; ' 
T — —- — 7 ill! 
I ' T -
' 1 ; , 
— T -
;;': — — 
i:.- _:_ 
1.4 
h — r~- :... 
' 
y 
: • • ; \ 
- • 
.-._ 
~- — .:.. -—- ...... -•-- MEASUREMENTS HADE ON —rf 
i ; i i _ ; 
r - - - ~ - —:-: 1 --- ;:-
— - . • ^ 
r:r ~:! :::' 
! . i : 
'.'',' 
•-rr 
AN ARTIFICIAL LINE 
2-0 
': I' 
i r r v 
' . ' : ' • . I-
V 
— —- --' . „ ; : . — >r
: • 
]\i 
' . ' • • : > ' i .._ _J "~ 
'::; ;': r ' ;;;: • 





~ T - — — :-- — 
— 




- • r - -
1,6 1 :.\ \ 
V? i 








n- ---• V V ... " * • % . -:!' —: -/hx 
• | 
1 i 
01 \ '• 1 • 
i j 
...._!— 
i " ' , 
1 — n > A 
\ / 
-7i 
















/ A / •:• M 
i / 
" • . 








/ : A ' i > A V ! 
— — 








— — 1 - T - \ 
\ i - ~ 
• \ - - - r-N 
0,R 7 !\ 
/ •^ 
1 
- - J i: 










/ J / . . : : 
i 
... 
- - — 
• 
^> ' - -— _:- V 4- V t ^^ - r -0.4 . ^ 1 1 
— 
i 
_ . 4 _ _ 
i 
-— - - .... _. ..... — • - • - — 
1 i ^ 
i i i I 
L _ 
i . 
~1 0 j .., — —1 i i ! 1 
500 1000 2000 2500 3000 3500 4000 
FREQUENCY (CPS) 





\/siyihx au + cos* b [t_ 
/ S*r> b snih & 
o.n\~ cos h cosh a. 
Zso~Z0—7 y ./ sfh b~~CQ$h a, d -
1 ^ ) 
ys/Tfh3- a- + Si^b /Jul* cos b s/»A a-
Inspection of, or differentiation of equation (1-16) shows that the 
maxima of Z„ occur for so 
b = nTT (1-17) 
and the minima of Z g 0 occur for 
b = (2n-l) -g- (1-18) 
The frequencies -which produce maximum Z are then 
( r ' ) = — a _ \ / "
2 * S 2 R G A 2 , (i_i9) 
n W 2s7Tc \ | n2 + S 2 ( H C + L G ) 2 A T T 2 L C ' ' 
and the frequencies which produce minimum Z are 
If' 1 2 " - 1 \ (2n-D 2 + U32RG/rT2 , , 
U n W " I ^ ^ C \ (2ft-l)* + S^RC+IfiJWlC ' 
I t i s noted tha t maxima of Z s o occur a t the frequencies which produce 
minima of Z g s and that minima of Z occur at frequencies -which produce 
maxima of Z s g , 
For a loss less l i n e , equation (1-15) reduces to 
10 
2so = "J Zo c o t b * ^- 2 1) 
The frequencies wliich produce maximum and minimum Z are equally spaced. 
Furthermore, the magnitudes of the maxima of Z g o are all equal to 
infinity and the magnitudes of the minima of Zso are all equal to zero, 
In the case of the line with losses, the magnitudes of the maxima 
and minima of Z g 0 are found to vary vrith frequency in the same manner as 
the maxima and minima of Z . Equation (1-16) yields the following ex-
pression for the magnitude of the maxima of Z__: 
'Zsonlnax= |Zo> n c o t a n h * nS > f1"22) 
where IZ 1 , IZ | , and ct _ are the magnitudes of Z , Zn and of 1 son1max* o n n ^ so' ° 
at the frequencies corresponding to the various values of n in equation 
(1-19). 
Equation (1-16) yields the following equation for the minimum 
values of the magnitude of Z : 
l Z s o X i n - l Z o ' n t a n W n S , (1-23) 
where |Z 1 . , |Z l , and o/ are the magnitudes of Z , Z , and oi 1 son min o n n to so7 o* 
at the frequencies corresponding tc the various values of n in equation 
(1-20). 
Since equations (1-22) and (1-23) show that |Z 1 and 
1 son max 
lZson^min v a r7 "with frequency in the same manner as (Ẑ g-l-ĝ . and 
12___ l__- _, it is evident that the magnitude of the maxima of Z decreases 
Ov3*i JlLJ.il S O 
at higher values of frequency and that there is a tendency for the 
minima of Z to remain virtually constant. 
A plot of the variation of the magnitude of Z S Q with frequency 
for a finite-Q line would be similar to Figure 1. The maxima of Z__, 
however* would occur where the minima of Z occur, and the minima of ' ss 
Z0^ would occur where the maxima of Z occur. so KS 
12 
CHAPTER III 
PHASE ANGLE OF Zss AND ZSQ FOR LOW-LOSS LINES 
In this chapter it is shown that the frequencies at which Zss and 
Z are maximum and minimum do not coincide with the frequencies at which 
Zco and Zori are purely resistive. Only lines with low losses are con-
sidered here; Chapter IV treats the case of the high-loss line. 
The Short-Circuited'Line 
If equation (1-2) is written in slightly different form: 
7 ~\7 I ̂ 'Th*°-+ *'»* b . /a. + ti-nr' Slr,2-h (2-1) 
it becomes evident that, for a line with losses, the frequencies at which 
Zr is a maximum or a minimum do not coincide with the frequencies at 
which 9 , the phase angle of Z , vanishes. 9e„ vanishes when ss ss s s 
9 = 0„ + tan"1 ̂ ^ - ^ = 0 . (2-2 ^ 
s s w sinh 2a 
Now the va lue of b which produces e i t h e r a maximum Z or a minimum 
ZSJ Tsee equa t ions (1-3) and ( l - l i )J i s always of such value as t o make 
t a n - 1 • s i n ?b 
s inh 2a 
nfeiribach, op. c i t . , p . 86. 
13 
vanish. 9Ss» however, is not zero at these frequencies because 6 is 
not zero. Figure 2 shows the variation of 90 with frequency for a 
typical finite-Q line. 
It is noteworthy that, for infinite-Q lines, the frequencies 
which produce a maximum or a minimum of Z also produce a purely resis-
tive Z - that is. the maxima and minima of Z„„ are pure resistances. 
ss* ' ss x 
This fact is evident if equation (2-2) is rearranged to yield 
b = J sin"1 (tan/90l sinh 2*S) . (2-3) 
If d - 0, this equation reduces to 
b = i sin""1 0 * ^nn . (2-4;) 
Comparison of equation (2-U) with equations (1-3) and (l-l;) reveals 
the fact that 9 ,. becomes zero in the case of the lossless line at those 
So 
frequencies for which Z s s is a maximum and a minimum. 
A clearer picture of the relationship between the frequencies at 
which the maxima and minima of Z occur and the frequencies at which 
ss ^ 
Z s s is purely resistive for a finite-Q line is obtained if equation 
(1-1) is put in complex form. This is accomplished by expressing 
tanh (a + jb) as sinh (a + jb)/cosh (a + jb). Upon using the trigono-
metric identities for the hyperbolic sine and the hyperbolic cosine of 
the sum of two angles and rationalizing the results, the following 
1 C 
~"pThe use of |9Q\ in equation (2-3) follows from the fact that 
90 is a negative angle. 
FREQUENCY (CPS) 
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2(sinh<- a •+ cos
2 b) 2(sinh2 a + cos2 b) 
(2-5) 
Equation (2-5) will be examined first at high frequencies* This leads 
to results which clarify the picture at low frequencies. 
value s: 
At high frequencies,cf,& , and Z approach the following constant 
16 
Z a * v j l ^ 
~ \ 
\ (2-6) 
When equations (2-6) are substituted into equation (2-5), this equation 
becomes 
M f£ /^ sin 2Ki V c_ .., vc 
Z s s = 2(3 4 cos^KfT 4 J 2(B + cos* Kf) ' 
(2-7) 
where F, B, and K are constants given by 
M = sinh 2a 
B = sinh2 a' 
K - 27T3 j/Tc" 
The full significance of equation (2-7) in its present form is 
16 
Johnson, op. cit., p. hi 
16 
not apparent. The two terms of this equation are parametric equations 
with the resistive and reactive components of Zc„ expressed as functions 
O O 
of frequency. Elimination of the frequency parameter yields 
(R„ - J — cotanh 2a''f + X * =* i csch* 2a' (2-8) 
oo V C oS (J 
*N2 . tf 2 L _..2 
which is the equation of a circle with center at R • J- cotanh 2a 
and with radius equal toJ^csch2a • For large values of a' 
(large of or large S) the radius of the circle approaches zero and the 
center of the circle approaches the value Rgs = J ^ » 
As shown in equation (2-6), d , at high frequencies, approaches 
a constant value determined by the line constants, being larger for 
larger values of R and G. Figure 3 shows the circles represented by 
equation (2-8) for lines with the same values of L and C but with 
different values of R and G. (The same curves could be obtained by-
using a single line of constants R, L, G, and C and plotting Z for 
ss 
various lengths of line, since the total attenuation is determined by 
both erf and S#) This figure enables one to visualize the variation of 
Zss as the frequency is varied. At the lower frequencies where o< 
is small, the locus of Zgs will fall on one of the larger circles. As 
O increases with increasing frequency, this locus will then spiral 
around the point Rgs = J- cotanh 2a
1 and at high frequencies will 
approach the circle given by equation (2-8). 
Figure h is a polar plot of Z as a function of frequency for 
a typical telephone line. Zss is resistive at zero frequency. Because 
17 
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a shorted line is first inductive ' as the frequency is increased from 
zero, the first portion of the spiral is in the ( + j) region. The 
curve then spirals around as deduced from Figure 3» 
Figure h shews again that, at the low frequencies, the frequency 
which produces maximum or minimum Z does not make 9̂ „ equal to zero. r ss ss x 
It is apparent that, at the high frequencies, the frequencies which 
produce maximum and minimum Z are negligibly different from those 
which produce a purely resistive Zss» 
The Open-Circuited Line 
Again, the treatment of the open-circuited line is similar to 
that for the short-circuited linej and, as in Chapter I, the equations 
can be developed with a minimum of discussion. 
Equation (1-13) may be written in the following form: 
-, ,-7 I \Jsin/**- o< +COS2-b / , -if-s\y\ zb \ / 
z » = l z J ; „ „ » . » ^ / S i T - 1 * + * ™ (rmnrid. (2"9) 
Equation (2-9) shows that 9S0 is zero when 
980 » 80 t.tan"
1 f =?i2J£U 0 (2-10) 
so ° V sinh 2ay 
Equation (2-10) shows that for a finite-Q line, the maxima and minima of 
17 
Shea, T. E., Transmission Networks and Wave Filters (New York 
D. Van Nostrand, 19)48), p. 1U8. 
20 
Z„n are not purely resistive because 9 is not zero, 
In order to examine the equation for ZQQ at high frequencies, 
equation (l-l£) is expanded by using the trigonometric identities for 
the hyperbolic sine and the hyperbolic cosine of the sum of two angles. 
Rationalizing the result yields 
7 J sinh 2a 
'so = ° I 2(sinh2 a + sin< b) 
- _ 
sin 2b 
2(sinh2 a+ sin2 b) 
Applying equation (2-6) to equation (2-11) yields 
i f j i J ^ s i n 2Kf 
_ _________________ _, -i _JL_ 
' s o " 2(B + s i n 2 Kf) 2(B +"s in 2 Kf ) 
(2-11) 
(2-12) 
where I", B, and K are constants given by 
M _ sinh 2a 
B = sinh a 
K = 27TS\TLC" . 
Elimination of the frequency variable yields 
(Rqft - / f cotanh 2a' )
2 - X 2 _ £ csch2 2a' , (2-8) 
so y c so G 
which is the same equation of a circle obtained for the short-circuited 
line at high frequencies. 
Figure 3, then, can be used to visualize the polar plot of Z as 
well as that of Zsg. Since the impedance of an open-circuited line is 
first capacitive as the frequency is increased from zero, Z will begin 
in the (~jX) region, soiral around the point R -J- cotanh 2a' as the 
DO | Q 
frequency increases, and at high 
by equation (2-8). A polar plot 
given in Figure 5» 
21 
frequencies approach the circle given 





PHASE RELATIONS FOR HIGH-LOSS LINES 
Chapter III considered phase relations in low-loss line. This 
chapter extends the work to cover high-loss lines. It should be remem-
bered that the total attenuation of a line is the product of the length 
of the line and the attenuation per unit length. From this viewpoint, 
a long line with small o( may have high losses, and a short line with 
large c( may have low losses. 
Since the work in this chapter is based to a large extent upon 
the variation of the angle 9 with frequency and the variation of the 
attenuation per mile vdth frequency, these relations will be discussed 
now. 
The Variation of 9dwith Frequency 
The equation for the angle 9Q of the characteristic impedance 
9 - x tan""1 ^ ( L G - RC) (3-D18 
° ~" 2 RG + 0UxLC 
In Figure 6 9 is plotted as a function of frequency for several lines 
with different values of R, L, G, and C. 9 is zero at zero frequency, 
reaches its most negative value at 
18 
""The condition LG = RC will make 9 vanish at all frequencies. This 
is the condition for a distortionless line. This line is discussed in 
Chapter IV. 
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and approaches zero a t high f r e q u e n c i e s , (-^approaches zero more slowly 
for l i n e s wi th l a r g e r va lues of R. 
19 
The V a r i a t i o n of ctf wi th Frequency 
From equat ion (1-5)> the equat ion for the a t t e n u a t i o n of a l i n e 
per mile i s 
o( = W J | / (R 2 +U/2L2)(G2 + 0 2 C 2 ) + (RG -te>2LC) . ( 3 . 3 ) 
The p l o t of of as a func t ion of frequency i s given i n Figure ? fo r 
s e v e r a l l i n e s wi th va r ious va lues of R, L, G, and C. At the high f r e -
quenc ie s , of approaches a cons tan t va lue , the value approached being 
l a r g e r f o r l i n e s wi th l a r g e r va lues of R. 
The S h o r t - C i r c u i t e d Line 
As shown i n Chapter I I I „ the input impedance of a s h o r t - c i r c u i t e d 
l i n e i s pu re ly r e s i s t i v e when. 
9 p q = 0 o + t a n "
1 —i£ia-2k_ = 0 . 
^b ° s inh 2a 
(2-2) 
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Taking the tangent of both angles yields 
sin 2b * -tan 00 sinh 2a . (3-U) 
Since 90 is negative for all physical lines of interest, equation (3-U) 
may be written in the following form 
sin 2b = tan |0O| sinh 2a . (3-£) 
Because sin 2b never exceeds unity, equation (3-5) states that 
tan j90| sinh 2a = 1 . (3-6) 
There are lines, however, with parameters such that condition 
(3-6) is not satisfied at all frequencies. As a matter of fact, for 
any physically-realizable line it is possible to take a length sufficient 
to cause the product of tan |90l and sinh 2a to exceed unity. When this 
product is greater than unity, it is clear from the foregoing analysis 
that 
tan-1 °in 2b 
sinh 2a 
cannot be equal in magnitude and opposite in sign to 9 , which is the 
requirement stated in equation (2-2) for 9 to be zero. 
ss 
This phenomenon can be shown conveniently on a plot if equation 
(3-6) i s wr i t ten in the following foriri: 
sinh 2a ^ cot an | 6 Q | . (3-7) 
Figure. 8 i s a plot of cotan l9Ql and sinh 2a as functions of frequency 
28 
for a typical telephone linej sinh 2a is plotted for various lengths 
of line to illustrate the effects of total attenuation. 
The intersections of the curves of cotan | 9Q| and sinh 2a mark 
the frequency ranges over which condition (3-6) is satisfied. For 
lengths of this particular line which are less than approximately 110 
miles, condition (3-6) is satisfied at all frequencies. For lengths of 
this line greater than approximately 110 miles, however, equation (3-6) 
is satisfied only at very low and at high frequencies, there being a 
frequency range in between for which sinh 2a is greater than cotan | 9Q| . 
It can now be shown that 0sg does not vanish in the low-frequency 
range for which equation (3-6) is satisfied. Figure 8 shows that, for 
lengths of this particular line greater than 120 miles, the highest 
frequency in this low-frequency region for which 0gs can vanish is the 
frequency of maximum. © , 
o 
f = (3_2) 
2 1 T | I 
Figure 9 shows the var ia t ion of (-9Q) and 
0 - t a n " 1 5 l n 2 b 
s s sinh 2a 
over t h i s low-frequency region. Since the curves of (-©0) and 0 do 
not i n t e r sec t , there i s no frequency in t h i s region at which ©„ becomes 
ss 
zero. It is now apparent that, for a high-loss line, frequencies at 
which 9oC, becomes zero occur only in the high frequency range for which 
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A singularly clear picture of the frequencies at which 9o vanish-
es is obtained by extending the abscissa of Figure 9. Thus, in Figure 10 
(-90) and 0SS are plotted over a wider frequency range. 0SS is plotted 
for two different lengths of the line, one length (S « 100 miles) which 
produces a low-loss line and one length (S = 200 miles) which produces 
a high-loss line. The intersections of the curves of (-©0) and 0QS 
indicate the frequencies at which 9SS is zero, 
It is noted that the effect of high total attenuation on 0 is 
ss 
to decrease its range of variation. This explains why it is impossible, 
with a high-loss line for 9 to vanish at the low frequencies. 
ss 
The polar plot of the variation of the input impedance of a 
short-circuited, high-loss telephone line is shown in Figure 11. The 
magnitude varies through various maxima and minima at the low frequencies 
even though the phase angle of Z does not pass through zero. For 
clarity, only three complete loops are shown. The curve continues to 
loop as the frequency is increased and at high frequencies approaches 
the dotted circle which is given by equation (2-8), 
Figure 11 shows that the input impedance is capacitive at the 
lowest frequencies. It was stated in Chapter III that:, in general, 
the input i.mpedance of a short-circuited transmission line is first 
inductive as the frequency is increased from zero. An examination of the 
equations given below for 9 and 0 will indicate the limitations of 
o ss 
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9 o = $ t a n - i u i O s - R C ? 
RG + UTLC 
0 = tan""1 sin ?b 
So sinh 2a 
0 is a positive angle at all frequencies below the frequency which 
makes 2b equal to IT ; and ©0, as stated before, is a negative angle at 
all frequencies for physical lines of interest. Since 0gs is the sum 
of 9n and 0O . it mil be positive, and hence the innut impedance of the 
•J SS 
line will be inductive, at the lowest frequencies only if I0ec\ exceeds 
j0O| at these frequencies. 
The equation for 0CQ shows that this angle will be large if the 
total attenuation of the line is small; and, conversely, that fl will-
be small if the total attenaution is large. Figure 9t which shows the 
variation of (-9r) and 0 over the lower frequency range for a typi-
cal telephone line, indicates that \0SS\ exceeds )©0| in this frequency 
range only for lengths of this particular line which are less than approxi-
mately 110 miles. For longer lengths of line | $ss\ is less than |90| , 
9SS is negative, and the input impedance of the line is canacitive. 
Nov; lengths of this line greater than approximately 110 miles produce a 
total attenuation such that the condition (3-6) is not satisfied at all 
frequencies. Therefore, for lines whose total attenuation is such that 
the product of sinh 2a and tan |9Q| is not equal to or less than unity at 
all frequencies, the input impedance when the line is short-circuited is 
first capaciti/e as the frequency is increased from zero. 
Condition (3-6) presents a convenient basis for classifying trans-
mission lines as either low-loss or high-loss lines. Thus if a line has 
3* 
parameters such that condition (3-6) is satisfied at all frequencies, it 
can be classified as a low-loss line. Likewise* if a line has parameters 
such that condition (3-6) is n°t satisfied at all frequencies, it can be 
classified as a high-loss line. 
The Open-Circuited Line 
The equation for 9 , the angle of the input iirpedance, Z , of a 
20 
line which is open-circuited is 
9on « 9 + # (3-8) 
so o 'so 
yjaere 
ri - x -1 - s i n 2b , v 
0 = tan x (3-9) 
s° Sinh 2a 
Equation (3*9) shows that 0 is negative until the frequency becomes 
high enough to make sin 2b negative. Since © is the sum of two angles 
so 
tha t are both negative at the frequencies jus t above z.ero, Z_ i s f i r s t 
capacit ive as the frequency i s increased from zero. Thus, for high-loss 
l ines the input impedance of the l ine i s capacitive at the lowest f r e -
quencies whether the l ine i s open-circuited or shor t -c i rcu i ted . 
The input impedance of an open-circuited l ine i s purely r e s i s t i ve 
when 
20 
^einbach, op. c i t . , p . 69. 
- > / • 
JO 
a - 9 + tan"
1 "5in 2b = 0. (3-10) so ° sinh 2a 
Equation (3-10) can be arranged to yield 
tan 19 I sinh 2a =i 1 , (3-H) 
which gives the condition which must exist in order for 90/> to be zero. 
This is the same condition required for 900 to be zero. 
Figure 12 shows a plot of (-©0) and 0, versus frequency. It is 
similar to Figure 10 for the short-circuited line. The difference be-
tween the two figures is brought about by the fact that 0 is the nega-
tive of 0 . As a result of this, the frequencies at which 9 is zero ss * so 
are different from those at which 9 is zero. 
ss 
A polar plot of the input impedance of an open-circuited, high-
loss line would be so similar to Figure 11 that it will not be shown. 
The general shape of the curve would be exactly the same; however, the 
magnitude and phase angle of Z would be different at all frequencies 
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THE DISTORTIONLESS LINE 
The characteristics of the distortionless line are, in some in-
stances, so different from those of the general finite-Q line that it 
merits special attention. Only the case of the short-circuited distor-
tionless line will be considered, since the open-circaited case is quite 
similar to the short-circuited case. 
The Propagation Constant 
The Attenuation per Mile. In genera]., the attenuation per mile in-
creases with increasing frequency. Consider the equation for o( : 
4 = \ / H \J(RG+U)2LC)2 (LG - RC)2uy2 + (RG -U>2LC) • Gi-l) 
The distortionless line has values of R, L, G, and C such that 
LG - RC = 0 (U-2) 
Under this condition, equation (lj.-l) reduces to 
* =>TRG" a-3) 
This value of d is the minimum value for all lines. Equation (J4.-3) 
shows that d is a constant independent of frequency.. 
The Phase Shift per File. When equation (li-l) is substituted into 
the equation (1-6) for 0 , this equation reduces to 
21 
fare, op. cit., p. 83. 
39 
fi =fj| (WO 
The Characteristic Impedance 
Substitution of equation (U-l) into the equation for the charac-
teristic impedance yields 
: ° = Vc (U-5) 
a purely resistive, constant value. 
The Variation of Z With Frequency 
For the distortionless line, the frequencies at which Zgs is a 
maxim;im or minimum are equally-spaced as is evident when p -OtfyLC is 
substituted into equations (1-3) and (1-U). Equation (1-3) then becomes 
(f ) = -P-T^- (U-6) 
n max USyfW Ki 0J 
Similarly, equation (l-U) becomes 
(f ) = 2_s- (}lmm7) 
n min 2S \|LC V4 l' 
In this respect the distortionless line behaves like a lossless line, 
The variation of the magnitudes of the maxima and minima of Z 
will now be considered. Equation (1-2) yields for the magnitudes of the 
maxima of Z, 
ss 
| 2 0 0 \ = |Z I cotanh d S , (U-8) 
• ssn'max ' o 'n n 
where | z s 3 n l m a x , l
Zotn> a n d ** n
 a r e t h e magnitudes of Z s s , ZQ , and 4g 
Uo 
at the frequencies corresponding to the various values of n in equation 
(U-6). Since |ZQ| and of are independent of frequency, the maxima of 
Z g S will all be of the same magnitude. In this respect, too, the distor-
tionless line behaves like a lossless line. The maxima of Z are, 
however, of a lower magnitude for longer lengths (S) of the line. 
For the magnitudes of the minima of Z , equation (1-2) yields 
5 s 
)Z | . = |Z | tanh « S , (k-9) 
' ssn nan ' o n n 
where |Z I . , |Z | , and o( are the magnitudes of Z , Z , and ' ssn'min5 ' o'n' n ° ss' o* 
at the frequencies corresponding to the values of n in equation (i|-7)« 
The minima of Z__ at the various frequencies are seen to be of constant ss 
magnitude because |ZQ| and of are independent of frequency. Longer 
lengths of line, however, produce larger constant values of magnitude for 
the minima of Z 
ss 
The Phase Angle of Z 
& ss 
Since ©0 is zero at all frequencies for the distortionless line, 
the frequencies which produce maxima and minima of Z are pure resis-
s s 
bances. 
The distortionless line is a low-loss line under the classification 
set forth in Chapter IV. This is true for all values of o( and for all 
lengths of line. This phenomenon is possible because 9 is 7ero at all 
frequencies. The right-hand side of equation (3-6) is> therefore, zero 
regardless of the value of of and regardless of the length of the line. 
The input impedance of a short-circuited, distortionless line at 
Ill 
any frequency as given by equation (2-8) if a' is interpreted to be 
S^ RG. The circles of Figure 3 are typical curves for the variation of 
Zgs with frequency for different lengths of line. Longer lines produce 
the circles of smaller radius. 
It is apparent that the closer the parameters of a finite-Q line 
approach the condition LG - RC = 0, the closer its characteristics 
approach those of a lossless line. 
U2 
CHAPTER VI 
SUK&1ARY AND CONCLUSIONS 
This thesis presents an analysis of the characteristics of short-
circuited and open-circuited transmission lines. The following conclu-
sions are made J 
1. The frequencies at which the input impedance is a maximum or a 
minimum are not equally-spaced. Furthermore, the maxima and minima are 
not purely resistive. 
2. The frequencies at which the ohase angle of the input impedance 
is zero are not equally-spaced. 
3. At high frequencies where «( approaches a constant value and the 
phase angle of the characteristic impedance approaches zero, a condition 
is approached where 
(a) the frequencies at which the maxima and the minima of 
the input impedance occur are equally-spaced, and 
(b) the frequencies at which the phase angle of the input 
impedance is zero are equally-spaced and coincide with 
the frequencies which produce a maximum value and a 
minimum value of input impedance. 
h* A new criterion for classifying transmission lines as either 
low-loss or high-loss is based on the condition 
tan |Q0| sinh 2a ~ 1 . 
If a line has parameters (R,L,G,C,S) such that this condition is satisfied 
at all frequencies, the line is classified &s a low-loss line; if a line 
U3 
has parameters such that this condition is not satisfied at all frequen-
cies, it is classified as a high-loss line. 
£• Although the input impedance of a high-loss line passes through 
the various maximum aid minimum values throughout the frequency spectrum, 
the expected points of unity power factor (9SS - 0 or 9 = 0 ) do not 
occur at the low frequencies. 
6. The input impedance of a high-loss line is capacitive at the 
lowest frequencies whether the line is open-circuited or short-circuited. 
7« The distortionless line behaves like a lossless line in three 
respects J 
(a) the maxima of the input impedance are all of the same 
magnitude and the minima of the input impedance are all 
of the same magnitude; 
(b) the frequencies at which the input impedance is a 
maximum or a minimum are equally-spaced$ and 
(c) the frequencies at which the phase angle of the input 
impedance is zero are equally-spaced and coincide with 
the frequencies at which the input impedance is a 
maximum and a minimum. 
The analysis presented in this thesis is of particular importance 
to the communications field. It finds application in the use of high-
22 
loss lines for terminations on antennas , in the use of transmission 
Teraan, ?. E., Radio Engineers' Handbook (New York: FcGraw-Hill 
Book Company, Inc., 19U3)t ?• OOU. 
44 
0-3 O), 
lines as durniry loads for antennas, and in fault location techniques. J , q 
It is applicable to communication lines in general and to long telephone 
lines in particular. 
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